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We investigate the cosmological dynamics of interacting dark energy models in which the interac-
tion function is a nonlinear in terms of the energy densities. Considering explicitly the interaction
between a pressureless dark matter and a scalar field, minimally coupled to Einstein gravity, we
explore the dynamics of the spatially flat FLRW universe for the exponential potential of the scalar
field.. We perform the stability analysis for the three nonlinear interaction models of our consider-
ation through the analysis of critical points and we investigate the cosmological parameters and we
discuss the physical behaviour at the critical points. From the analysis of the critical points we find
a number of possibilities that include the stable late time accelerated solution, wCDM-like solution,
radiation-like solution and moreover the unstable inflationary solution as well.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
1. INTRODUCTION
The dark sector of our universe, according to a series of past and latest observational evidences [1–9], is composed
by two heavy dark fluids, namely a pressureless dark matter and a dark energy fluid. The former fluid is responsible
for the structure formation of the universe while the latter fluid drives the present day accelerating phase of the
universe. In addition to that, the observational evidences also estimate that nearly 96% of the total energy density
is coming from this joint dark sector where in particular, the dark energy contributes around 68% of the total energy
budget of the universe while the 28% of the total energy density of the universe is from dark matter. However, the
evolution, origin and the nature of these dark fluids of the dark energy are not clearly understood yet. Although from
indirect gravitational effects, the nature of dark matter seems to be partially known, however, the dark energy has
remained to be extremely mysterious. As a consequence, a number of cosmological models have been introduced and
investigated in the last couple of years. The simplest cosmological consideration is the non-interacting models of the
universe where dark matter and dark energy are conserved separately, leading to two independent evolutions of these
dark fluids. While on the other hand, a more generalized version of the cosmological models is available in which
dark matter and dark energy are allowed to interact with other. In the present work we shall consider the interacting
cosmological models.
The interaction between dark matter and dark energy is a potential mechanism to explain the cosmic coincidence
problem [10–14], although its origin was motivated to explain the discrepancy in the cosmological constant. An earlier
investigation by Wetterich [15] shows that an interaction between a scalar field and gravity could lead to an effective
cosmological constant which is dynamical in nature and asymptotically approaches toward a tiny value and thus the
mismatched value in the cosmological constant gains a plausible explanation. Thus, the interaction in the dark sector
started its beginning following these two motivations.
The dark sector interaction is a phenomenological consideration because there is no such fundamental principle that
could derive it, however, from the theoretical ground, precisely from the particle physics theory, any two matter fields
(here dark matter and dark energy fields) can interact with each other. Interestingly, this specific phenomenological
theory has gained a massive interest in the cosmological community for several potential outcomes. It has been
found that the allowance of an interaction can take the dark energy equation of state from quintessence to phantom
regime, that means an effective quintom type of nature is imposed in the dark energy state parameter. The phantom
crossing available in scalar field models with negative kinetic correction (known as phantom scalar field models) lead to
instabilities at the classical and quantum levels. Secondly, the interaction has been found to be very efficient to address
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2the mismatched value of the Hubble constant H0 from the global (ΛCDM based Planck) and local measurements.
Some other investigators have also found that the interaction might be able to solve the tension on σ8.
On the other hand, from the recent observational evidences, it has been already pointed out that irrespective of the
dark energy equation of state (wx = −1, wx is constant but 6= −1, or wx is dynamical), the interaction in the dark
sector is allowed, although the strength of the interaction is mild, but it is not ruled out though [16–24]. Thus, based on
the above observational predictions, one can assume that the interaction in the dark sector might be a potential theory
for further investigations. For a general overview of different interaction models and their cosmological consequences,
we refer to a number of past [10–14, 25–32] and recent works [16–24, 33–46] containing some interesting observations.
Now concerning the choices of the interaction functions, as there is no such governing rule, thus, in principle a
number of linear and nonlinear functions can be chosen. However, the models with nonlinear interactions are rare
in the literature [48–50], since the dynamics of the interacting fluids becomes much complicated compared to the
dynamics for linear interaction. Nevertheless, it is always fascinating to explore the dynamics in the context of
nonlinear interaction functions in order to see if we can extract more information out of that. Thus, being motivated,
in the present work we consider an interacting scenario between a scalar field and the pressureless dark matter where
the interaction functions are nonlinear in nature. We have performed the stability analysis of each interaction model
in order to investigate their cosmological viabilities. The work has been organized as follows.
In Section 2, we present the gravitational equations for an interacting universe. In Section 3, we describe the
formation of the dynamical system for the interacting scenarios. In section 4 we study the critical points for all the
interacting scenarios and we present the stability analysis. Finally, our discussion and conclusions are given in Section
5.
2. FIELD EQUATIONS
In the large scale, our universe is homogeneous, isotropic and almost flat. Such a geometrical configuration is well
described by the spatially flat FLRW universe which is characterized by the following line element
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (1)
where a(t) is the expansion scale factor of the universe. In this space-time we consider that the main constituents of
our universe are a pressureless matter and a non-canonical scalar field where the matter sector and the scalar field
are interacting with each other through a non-gravitational interaction.
The Action integral of such a cosmological scenario is given by
S =
∫
d4x
√−g
[
R
2k2
− 1
2
∂µφ∂
µφ− V (φ)
]
+ Lm (2)
where Lm denotes the Lagrangian for the matter field terms, that means pressureless matter and the scalar field. In
the background (1), the energy density and the pressure for the scalar field take the forms
ρφ =
1
2
φ˙2 + V (φ), (3)
pφ =
1
2
φ˙2 − V (φ), (4)
from where the equation of state parameter wφ for the scalar field is defined to be the ratio of its pressure to the
energy density, that means,
wφ =
pφ
ρφ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
. (5)
Moreover, we assume that ρm and pm are respectively the energy density and pressure of the matter sector. Since
we assume the pressureless matter, thus, we have pm = 0, and consequently, the equation of state parameter for this
matter sector wm = 0.
The field equations can be obtained by varying the action with respect to the metric coefficients gµν of the space-time
as (in the units k2 = 8piG = c = 1)
H2 =
1
3
(ρm + ρφ), (6)
H˙ = −1
2
(
ρm + ρφ + pφ
)
, (7)
3where an ‘overdot’ represents the cosmic time differentiation, and H = a˙/a is the Hubble parameter of the FRLW
universe. Furthermore, from the Bianchi identity we have that effT
ab
;b = 0, where effT
ab =φ T
ab +m T
ab. However,
because we consider interaction between the scalar field and the dust fluid, the Bianchi identity gives the following
equations
φT
ab
;b +m T
ab
;b = 0, (8)
or equivalently,
ρ˙m + 3Hρm = Q, (9)
ρ˙φ + 3H(1 + wφ)ρφ = −Q, (10)
where we have introduced the quantityQ which indicates the rate of energy exchange between the dark sector. Positive
value of Q indicates that there is an energy transfer from the scalar field ρφ to the cold dark matter ρm, while for
Q < 0, the reverse scenario happens, that means energy transfer from the cold dark matter to scalar field.
An equivalent way to write the set of equations (9), (10) is with the use of the ratio r (t) = ρm
ρφ
, where the equation
(9) becomes
ρφr˙ −Q (1 + r)− 3Hpφr = 0. (11)
The nature of the interaction function Q is purely unknown and until now we don’t have any device available to
derive this function from some fundamental physical principle. There are various phenomenological approaches in
the literature which have shown that the existence of the interaction can explain the values of various cosmological
parameters during the late-time acceleration phase of our universe.
Some interaction models which have been proposed in the literature and much well known to the interaction theory
are the linear models, such as Q1 = αmHρm [27], Q2 = αφHρφ [47] and Q3 = α (Hρm +Hρφ) [29]. While only a
few nonlinear models have been proposed and investigated in the literature [48–50].
In this work we shall study the evolution of the field equations (6), (7), (9) and (10) for some nonlinear interacting
models of the form Q (ρm, ρφ). Such an analysis provides us with the information for different phases of the universe
provided by the field equations and also the stability of these phases as well. In order to perform our analysis we prefer
to work with the dimensionless variables, and more specifically, we select to work with the so-called H−normalization
as followed in [51].
3. CONSTRUCTION OF THE DYNAMICAL SYSTEM
We continue with the introduction of the dimensionless variables [51]
x =
φ˙√
6H
, y =
√
V (φ)√
3H
, (12)
in the H-normalization. Moreover, we assume that the new independent variable is the lapse time N = ln a, which is
also called the e-folding parameter.
In the new variables the gravitational field equations (6), (7), (10) and (11) reduce to the following autonomous
system of algebraic-differential system
dx
dN
= −3x+
√
3
2
λy2 +
3x
2
(
(2 + r) x2 + ry2
)− (6x)−1 Q¯, (13)
dy
dN
= −3
√
2λxy + 3
√
3y
(
(2 + r)x2 + ry2
)
, (14)
dλ
dN
= −
√
6xλ2 (Γ (λ)− 1) , (15)
dr
dN
= 3
(
x2 + y2
)−1 (
(1 + r) Q¯+ 9r
(
x2 − y2)) , (16)
with the algebraic constraint
1− (1 + r) (x2 + y2) = 0, (17)
4in which
λ = −V,φ
V
, Q¯ =
Q
H3
, and Γ =
V V,φφ
(V,φ)2
. (18)
Furthermore, the first Friedmann equation (6) in the dimensionless variables becomes
Ωm = 1− x2 − y2, (19)
where Ωm =
1
3
ρmH
−2, is the dimensionless density parameter for the matter sector. The cosmological parameters for
the scalar field, namely the equation of state parameter wφ and the dimensionless density parameter Ωφ in the new
variables can be written as follows
wφ =
x2 − y2
x2 + y2
, Ωφ =
ρφ
3H2
= x2 + y2 (20)
while the total equation of state parameter is
wtot =
pφ
ρm + ρφ
= x2 − y2. (21)
Finally, one can calculate the deceleration parameter that assumes the following expression
q = −1− H˙
H2
=
1
2
(1 + 3
(
x2 − y2)). (22)
As far as concerns, for the solution of the scale factor, at any point (x0, y0, λ) , we have that wtot = const.; hence
from (7) it follows that a (t) ∝ t 23(1+wtot) for wtot 6= −1 and a (t) = a0eH0t for wtot = −1, where the latter corresponds
to the de Sitter points.
Due to the energy condition 0 ≤ Ωm ≤ 1, we have two different conditions which depends on the nature of the scalar
field. If the action integral for the scalar field is that of the quintessence, i.e. ε = 1, it follows that x2+y2 ≤ 1. Which
means that the parameters {x, y, z} take values inside a unit sphere. However from the definition of the dimensionless
variables (12) we have y ∈ [0, 1] and {x} ∈ [−1, 1].
However, because we shall work with interactions of the form Q¯ (r, x, y), the limit where Ωφ = x
2 + y2 → 0,
corresponds to r → +∞, consequently to the matter dominated era.
As far as concerns the nonlinear interaction models of our analysis we consider the following
Q¯A = Q0
r
x2
, Q¯B = Q0
x2
r
, Q¯C = Q0
y2
x2 + y2
r2, (23)
where Q0 is a constant and it is the interaction parameter or the coupling parameter. The parameter could describe
the strength of interaction (from its magnitude) and the direction of energy flow between the dark sectors (through
its sign).
In terms of the energy densities ρm, ρφ the interactions in (23) are expressed as
Q¯A ≃ φ˙−2 ρm
ρφ
, Q¯B ≃ φ˙2 ρφ
ρm
, Q¯ ≃ V (φ) (ρm)
2
(ρφ)
3
(24)
With the use of the constraint (17) we can reduce the dynamical system (13)-(16) to a three dimensional system
by replacing r =
(
x2 + y2
)−1 − 1; while when λ = const., the dynamical system is reduced to a two dimensional
system because equation (15) is identically satisfied. The only potential function V (φ) where λ = const., always, is
the exponential potential V (φ) = V0e
−λφ [52].
4. CRITICAL POINTS AND STABILITY
Before we proceed with the specific interactions let us consider the most general scenario Q¯ = Q¯ (r, x, y). By
replacing this interaction into equation (13), the critical points for the two-dimensional dynamical system (13), (14)
in which
r =
1− x2 − y2
x2 + y2
, (25)
5can be categorized into two families. Family (A) consists of the points with y = 0, and Family (B) consists of the
points with y 6= 0; more specifically,
y2 = 1 + x2 −
√
2
3
λx. (26)
These two families follow from the solution of the algebraic equation[
(2 + r) x2 + ry2 −
√
2
3
λxy
]
y = 0. (27)
As far as concerns, the total number of points corresponding to each family, depends on the prescribed interaction
function Q¯ (r, x, y), and also on how many real solutions are admitted by the algebraic equation
− 3x+
√
3
2
λy2 +
3x
2
(
(2 + r) x2 + ry2
)− (6x)−1 Q¯ (r, x, y) = 0 , (28)
for x ∈ [−1, 1]. Moreover, for the points of Family A the physical parameters are simplified as
Ωm (xA) = 1− x2A , wφ (A) = 1 , wtot = x2A , (29)
which means that the scalar field acts as a stiff fluid, while because of the interaction xA can be different from zero,
that means the dust fluid can contribute to the universe. For the points of Family B, the physical parameters are
written in terms of xB as follows
Ωm (xB , λ) =
√
6
3
xB
(
λ−
√
6xB
)
, (30)
wφ (xB, λ) =
√
6λxB − 3
3 +
√
6xB
(
λ−√6x) , (31)
and
wtot (xB, λ) = −1 +
√
2
3
λxB . (32)
At this point, from (30) one can find the constraint on λ (recall that the constraint on Ωm is, 0 ≤ Ωm ≤ 1) as
√
6 |xB | ≤ λ ≤ 3 + 6 |xB |
2
√
6 |xB |
. (33)
In Fig. 1 the area in the space {xB , λ} is presented where the points of Family B exist.
We continue our analysis by presenting the physical parameters for the critical points of Family A and Family B,
and also the region where the critical points are stable. Special cases of study are given.
4.1. Interaction Q¯A
For the nonlinear interaction Q¯A, the critical points are
PA
(
Q¯A
)
=
(
±
(
−Q0
9
) 1
6
, 0
)
(34)
PB
(
Q¯A
)
=

xB ,
√
1 + x2B −
√
2
3
λxB

 (35)
where xB is a solution of the fourth-order algebraic equation
Q0 = 3x
2
B
(
3− 2xB
(√
6λ
(
1 + x2B
)− (3 + λ2)xB)) (36)
From the algebraic expressions of PA
(
Q¯A
)
and PB
(
Q¯B
)
, one can infer that Family A consists of two critical points,
while Family B is composed by 0, 2 or 4 critical points.
6FIG. 1: Region plot in the space {xB , λ}, where the points of Family B exist according to the constraint (33).
4.1.1. Critical Points of Family A
Points PA
(
Q¯A
)
are real only when Q0 < 0, while exits for values of |Q0| in the range
0 < |Q0| ≤ 9, (37)
while the total equation of state parameter wtot is constrained by
0 < wtot ≤ 1. (38)
As far as concerns the stability of the critical points PA
(
Q¯A
)
we derive the eigenvalues
e1
(
PA
(
Q¯A
))
= 6 , e2
(
PA
(
Q¯A
))
= 0 (39)
from which one can easily infer that the critical points PA
(
Q¯A
)
are unstable in nature.
4.1.2. Critical Points of Family B
Because of the nonlinearity of the algebraic equation (36) we are unable to get the exact expressions for the physical
parameters and also the stability of the points as well. Thus, we proceed with the numerical solution of (36) in order
to investigate the cosmological parameters. Following this, in Fig. 2 the contour plots for the physical parameters
Ωm
(
PB
(
Q¯A
))
, wφ
(
PB
(
Q¯A
))
and wtot
(
PB
(
Q¯A
))
are presented, and also the specific values of the surface (36)
in the plane xB − λ, using the constraint in (33). In addition, the shaded areas in Fig. 2 define the region of the
parameter {xB, λ}, where the critical points are stable.
From the plots in Fig. 2 we can infer that there exist regions of the parameters {xB, λ} where the stable critical
points cannot describe an accelerated universe, since we always have − 1
3
< wtot, and there we have Ωm (xB , λ) 6= 0.
On the other hand, the de Sitter universe can be described only as an unstable solution for the current interaction
model.
We now proceed by considering a specific value for the parameter λ.
a. Special case λ = 2 : Let us now consider a specific value of λ = 2. One can clearly see that the points P¯A (QA)
do not change since there is no λ dependence, so we focus on points PB (QB). For that specific value of the parameter
λ, the algebraic equation (36) is simplified as follows
Q0 = 3x
2
B
(
3− 2xB
(
2
√
6
(
1 + x2B
)− 7xB)) (40)
while from (33) parameter xB is constrained to be xB ∈ (0,
√
2/3 ]. In that range, from Fig. 3 it is clear that there
exists two real points which correspond to the Family B.
In Fig. 4 the qualitative evolution of the physical parameters wφ, wtot and Ωm in terms of Q0 are given, and also
the evolution of the eigenvalues of the linearized system near the critical points. We conclude that for that specific
value of λ = 2, the critical points are stable for
√
6
6
< xB <
√
2
3
which means
− 2 < Q0 < 1
3
(41)
7FIG. 2: Region plot in the space {xB , λ} for the interaction constant Q0, and also the physical parameters Ωm, wφ,
wtot for the points which belong to Family B of the interaction Q¯A. The shaded regions define the areas where the
critical points are stable.
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FIG. 3: The figure describes the numerical solution for the polynomial equation (40).
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FIG. 4: Evolution of the physical parameters wφ (Q0) , wtot (Q0) and Ωm (Q0) for the interaction model QA and
λ = 2 at the critical points of Family B. The evolution of the eigenvalues of the linearized system is given where we
observe that the points are stable for −2 < Q0 < 13
while in that space of variables
− 1
3
< wtot <
1
3
, − 1
2
< wφ <
1
3
(42)
and
0 < Ωm <
1
3
. (43)
That means the present accelerated solution is not admissible for this case.
4.2. Interaction Q¯B
Interaction Q¯B is the reverse function of interaction Q¯A, that is, Q¯B ≃
(
Q¯A
)−1
. For that interaction we find the
following real critical points
PA
(
Q¯B
)
=

±
√
18 +Q0 −
√
Q0 (36 +Q0)
3
√
2
, 0

 (44)
PB
(
Q¯B
)
=

xB ,
√
1 + x2B −
√
2
3
λxB

 (45)
where xB is given by the following algebraic equation
Q0 = 6
(
3−
√
6λxB + λ
2 − 9
(
3 + 6x2B −
√
6λxB
)−1)
. (46)
Hence, Family A admits two critical points, while Family B admits 1 or 3 real critical points.
94.2.1. Critical Points of Family A
The energy density for the dust fluid for the points of Family A is calculated to be
Ωm
(
PA
(
Q¯B
))
=
1
18
(√
Q0 (36 +Q0)−Q0
)
(47)
from where we can infer that Q0 ≥ 0 in order Ωm to be bounded.
Moreover, for points PA
(
Q¯B
)
we calculate the two eigenvalues of the linearized system given by
e1
(
PA
(
Q¯B
))
=
1
6
(
36 +Q0 −
√
Q0 (36 +Q0)
)
and e2
(
PA
(
Q¯B
))
= 0. (48)
Therefore, for Q0 > 0 we find that always Re
[
e1
(
PA
(
Q¯B
) )]
> 0, consequently we conclude that points PA
(
Q¯B
)
are unstable.
4.2.2. Critical Points of Family B
The critical points which correspond to the second family can be one or three depending on the number of real
solutions that the polynomial equation (46) admits. We calculate the eigenvalues of the linearized system and in Fig. 5
we present the contour diagrams in the space {xB , λ} for the cosmological parameters Ωm
(
PB
(
Q¯B
))
, wφ
(
PB
(
Q¯B
))
and wtot
(
PB
(
Q¯B
))
in which the shaded areas mark the surfaces where both eigenvalues are negative meaning that
the critical points are stable. Moreover, the contour plot of parameter Q0 is presented.
From Fig. 5 we can infer that a de Sitter universe can be seen as a future attractor and the model can describe the
late-time acceleration phase of the universe. However, unstable accelerated eras are not provided which means that
this interacting model cannot explain the early acceleration phase of the universe.
We now follow a similar fashion as done with earlier interaction model, that means we aim to investigate the critical
points of Family B for a specific value of the parameter λ.
a. Special case λ = 2 : Consider now that λ = 2. Because we have a fixed value for one of the parameters
we can make plots of Ωm
(
PB
(
Q¯B
))
, wφ
(
PB
(
Q¯B
))
and wtot
(
PB
(
Q¯B
))
in terms of the interaction parameter Q0.
Furthermore, as before, for λ = 2, points PB
(
Q¯B
)
exists when xB ∈ (0,
√
2/3 ].
For λ = 2, the algebraic equation (46) becomes
Q0 = 6
(
7− 2
√
6xB − 9
(
3 + 6x2B − 2
√
6xB
)−1)
, (49)
where from Fig. 6 it is clear that for a specific value of Q0, only one point PB
(
Q¯B
)
exists and this becomes true if
and only if Q0 > 0.
The evolution of the physical parameters in terms of Q0 is presented in Fig. 7. It is clear that for large values
of Q0 we reach the de Sitter point, wtot (Q0) → −1, while an inflationary scenario where Ωm 6= 0 and wtot < − 13 is
supported by the specific model.
Last but not least, we observe that for small values of Q0, i.e. Q0 → 0, there exists a radiation-like solution, where
the scalar field can mimic the radiation fluid wφ ≃ 13 , however, such solution is unstable.
4.3. Interaction Q¯C
For the interaction Q¯C we find that the dynamical system admits critical points which belong only to the Family
B. More specifically, the critical points are
PB
(
Q¯C
)
=

xB,
√
1 + x2B −
√
2
3
λxB

 (50)
where now xB satisfies the polynomial equation
2xBA (xB)Q0 = 3B (xB) , (51)
10
FIG. 5: Region plot in the space {xB , λ} for the interaction constant Q0, and the physical parameters Ωm, wφ and
wtot for the points which belong to Family B of the interaction function Q¯B. The shaded areas define the areas
where the critical points are stable.
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FIG. 6: Numerical solution for the polynomial equation (49)
in which A (xB) and B (xB) are given by
A (xB) =
(
6x3B
(
3x− 2
√
6λ
)
+ 3λ2 −
√
6λ
(
6 + λ2
)
xB + 3
(
6 + 5λ2
)
x2B
)
,
B (xB) =

 4
√
6λ5x4B − 54xB
(
2x2B + 1
)3
+ 12
√
6λ3x2B
(
12x4B + 13x
2
B + 3
)
+
+9
√
6λ
(
2x2B + 1
)2 (
4x4B + 10x
2
B + 1
)
+
−48λ4x3B
(
2x2B + 1
)− 36λ2xB (16x6B + 30x4B + 15x2B + 2)

 ,
and it is of order eight in terms of xB. That means that the number of critical points could be 0, 2, 4, 6 or 8,
depending on the values of the free parameters Q0 and λ.
In Fig. 8 the numerical solution of the polynomial equation (51) is presented and the qualitative evolution for
different cosmological parameters namely wtot, Ωm and wφ are also shown. The shaded areas in Fig. 8 indicate that
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FIG. 7: Evolution of the physical parameters wφ (Q0) , wtot (Q0) and Ωm (Q0) for the interaction model QB and
λ = 2 at the critical points of Family B. The evolution of the eigenvalues of the linearized system is given where we
observe that the points are stable for −Q0 & 0.01. An unstable radiation-like solution is provided for values of
Q0 < 0.01
the real parts of the eigenvalues of the linearized system near to the critical points are negative, which means that
the critical points are stable. It is straightforward to observe that the present model provides stable accelerated eras,
and also the stable critical points where Ωm 6= 0 and wφ < − 13 . In order to explain this better we proceed with the
specific case λ =
√
6.
a. Special case λ =
√
6 : We assume that λ =
√
6 and now all of our physical parameters depend only on Q0,
which means that we can study the one dimensional parameters Ωm
(
PB
(
Q¯C
))
, wφ
(
PB
(
Q¯C
))
and wtot
(
PB
(
Q¯C
))
.
However, firstly, we need to determine the number of possible critical points. Indeed from Fig. 9, we determine that
real critical points PB
(
Q¯C
)
exist only when Q0 & 68, while the number of critical points is two.
As presented in Fig. 10 the critical points provide that Ωm
(
PB
(
Q¯C
)) 6= 0 while wφ (PB (Q¯C)) . −0.7. In
particular, there are two branches of cosmological solutions with different cosmological parameters. The one branch
is always stable, while the other branch is stable only for Q0 ≫ 300. Consequently, for smaller values of that range we
can have one stable accelerated solution which approaches the de Sitter universe and an unstable solution where the
scalar field has an equation of state parameter wφ
(
PB
(
Q¯C
))
. −0.7 and the dust fluid contributes to the universe.
The latter observation is important, because that kind of models can provide wCDM(-like) universes. It is important
to mention that the limits given in the Fig. 10 depend on the value of λ, hence, other values of λ provide another
values for the physical parameters.
5. CONCLUSIONS
Interaction in the dark sector mainly between the dark matter and dark energy is a possible approach to explain
the dynamical features of the universe. Observational data from various astrophysical sources data have shown that
a mild interaction in the dark sector is allowed. The allowance of an interaction in the dark sector has been found
to explain the tensions between the cosmological parameters. Additionally, interaction has a well motivated origin in
the cosmological regime. Usually the theory of interaction rests on the choices of the interaction rates that could be
either linear or nonlinear in nature. The linear interaction rates are relatively easy compared to the nonlinear models
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FIG. 8: Region plot in the space {xB , λ} for the interaction constant Q0, and the physical parameters Ωm, wφ and
wtot for the points which belong to Family B of the interaction function Q¯C . The shaded regions define the areas
where the critical points PB
(
Q¯C
)
are stable.
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FIG. 9: Numerical solution for the polynomial equation (51) for λ =
√
6.
for interaction just because of their construction and as a consequence this particular kind of interaction models have
got much attention. Since the exact interaction rate between the dark sectors is not yet known, thus, the cosmological
models allowing nonlinear interaction rates are equally welcome to understand the dynamics of the universe. The
studies on nonlinear interaction rates are also important to understand its necessity in the cosmological regime.
The present work thus investigates the cosmological dynamics in presence of various nonlinear interaction rates
between dark matter and dark energy in the background of a spatially flat FLRW universe where the gravitational
sector is described by the Einstein gravity. The dark matter is considered to be pressureless and dark energy is
a minimally coupled scalar field to gravity and additionally the potential of the scalar field has been assumed to
be exponential: V (φ) = V0 exp(−λφ). In particular, we have considered three distinct nonlinear interaction rates
Q(r, x, y) given in (23) where x, y are the dimensionless variables defined in (12) and r = ρm
ρφ
, is the coincidence
parameter. All interaction models have only one free parameter Q0, known as interaction parameter or the coupling
parameter that describes the strength of the interaction and the direction of energy transfer. We then perform the
13
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FIG. 10: Evolution of the physical parameters wφ (Q0) , wtot (Q0) and Ωm (Q0) for the interaction model QC and
λ =
√
6 at the critical points of Family B. The evolution of the eigenvalues of the linearized system is given.
dynamical analysis through the analysis of critical points and stability. Due to nonlinearity in the models the dynamics
becomes complicated and hence we perform numerical simulation. Finally we have considered two distinct analysis
of the critical points, one when y = 0 (Family A) and the one with y 6= 0 (Family B) (see section 4).
For the first nonlinear interaction Q¯A, our observations are as follows. The real critical points of Family A are
unstable in nature while for Family B, we could have stable and unstable real critical points. The stable critical points
cannot describe the present accelerated expansion (see Fig. 2) while the de Sitter universe can be obtained as an
unstable solution of this interaction model.
The second nonlinear interaction Q¯B is just the reverse of Q¯A. Concerning the dynamics of this interaction model,
we find that the critical points belonging to Family A are unstable. Now, for the critical points of Family B we have
some interesting outcomes. For the critical points of Family B we find that a stable late time accelerated expansion
is possible (see Fig. 5) while usually an inflationary solution is not obtained. However, for specific values of λ,
inflationary solution is possible. Additionally, for small values of the interaction parameter Q0, radiation-like solution
is also admitted.
For the last nonlinear interaction model in this series, namely Q¯C , we find that the critical points only belong to
Family B. Depending on the free parameters the number of critical points could be one of {0, 2, 4, 6, 8}. From the
numerical simulation (shown in Fig. 8), we find that the model could allow stable critical points where the accelerated
expansion of the universe is possible. The model has been closely examined for a specific value of λ =
√
6 (see Figs.
9 and 10), from which one can see that one stable accelerated expansion approaching toward the de Sitter universe
and one unstable accelerated expansion are possible. In addition, the model realizes the wCDM like universe. Thus,
this interaction model is quite interesting in the perspective of cosmological dynamics.
Thus, one can see that the nonlinear interaction models are quite appealing in the context of universe’s evolution
by offering many possibilities. Since the interacting dynamics allows us to consider some alternative models, hence,
one may explore the dynamical features with some other models as well. The existence of stable de Sitter solution is
an interesting outcome of the present nonlinear interaction models.
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